In this paper, we analyze the the polymer representation of the real-valued scalar field theory within the deformation quantization formalism. Specifically, we obtain the polymer Wigner functional by taking the limit of Gaussian measures in the Schrödinger representation. The limiting functional corresponds to the polymer representation derived by using algebraic methods such as the GNS construction, and the Fock quantization procedure.
Introduction
One of the main open problems in fundamental physics is related to study the behaviour of quantum fields in a completely background-independet manner. The term backgrounindependent, broadly means that a theory requires to be only defined on a manifold endowed with no geometrical and metric structure. A notable examples of this situation stand out the early stages of the universe, the structure of the space-time at short distances and black holes evaporation. According to Loop Quantum Gravity (LQG) [1] , [2] , [3] , a background-independent and non-perturbative approach based on quantum geometry, in order to obtain an appropiate description it is necessary to quantize in a compatible way both gravity and matter fields. In particular, for a realvalued scalar field such quantization was developed in [4] , and it is known as polymer quantization. This polymer representation is obtained by enforcing, at the quantum mechanical level, the diffeomorphism covariance through the unitary implementation of diffeomorphisms by applying non-regular representation techniques. As a consequence, the non-regularity conditions result in a representation which is not equivalent to the standard Schrödinger quantization, and when applied to minisuperspace models leads to a polymer-type representation known as loop quantum cosmology (LQC). Under this approach, several advances in the quantum gravity framework have been achieved, including microscopic states for black hole entropy [5] , [6] , [7] , the avoidance of classical singularities by quantum bounces [8] , [9] , and the analysis of inhomogeneus perturbations in the cosmic expansion [10] (and references therein). Nonetheless, despite such significant efforts, fresh insights are needed in order to address major physical problems such as, a proper recovery of Einstein dynamics in the semiclassical limit, the fate of singularities in the full LQG and not only on symmetry reduced models, as well as a more suitable comprehension of the dynamics resulting from diffeomorphism invariant states [11] .
In order to shed some light on these important issues, we propose to analyze the LQG program within the deformation quantization formalism. Deformation quantization, also refered as phase space quantum mechanics by many authors, consists of an alternative quantization procedure based on the idea that a quantum system is obtained by deforming the algebraic and geometrical structures of the classical phase space [12] , [13] . One crucial element within this formulation lies on the definition of the Wigner function. This function corresponds to a quasi-probability distribution and is given by the phase space representation of the density matrix, which encodes the entire information about autocorrelation properties, expectation values and transition amplitudes. In other words, the Wigner function consists on the closest thing we have to a probability distribution in the quantum phase space. Despite the deformation quantization formalism undoubtedly have provided important contributions to several areas in pure mathematics, and also it has proved to be a reliable technique in the understanding of many physical quantum systems [14] , the application of the formalism to contemporary problems of quantum gravity is poorly developed. Thus, one motivation of our work is to try to fill this gap.
Following some ideas developed in [15] , [16] , the aim of this paper is to construct the Wigner functional corresponding to the polymer representation of the real-valued scalar field. As we will demostrate below, the polymer Wigner distribution is obtained as a limit, in the functional picture, of the Schrödinger representation with a Gaussian quantum weighted measure. The results presented here, to the best of our knowledge, are new and could pave the way in order to address key physical problems in LQG from a different perspective, since, according to recent developments on the perturbative formulations of algebraic quantum field theory, it has become clear that the star product and Wigner functions provide a valuable tool to formulate quantum field theories (QFT) in the semiclassical regime. Thereby, this current work corresponds to an ongoing progress.
The paper is organized as follows, in section 2 we review the Wigner function associated to the polymer representation of quantum mechanics. In section 3 we derive the Wigner-Weyl quantization scheme for the real scalar field within a quantum Gaussian weighted measure, and then define the corresponding Wigner functional. In section 4 the polymer Wigner distribution is obtained as a functional limit measure.
Finally, we introduce some concluding remarks in section 5.
The Wigner function of polymer quantum mechanics
In this section we briefly review the polymer representation of quantum mechanics as a limit of the Schrödinger representation for the Weyl algebra in a Gaussian weighted measure. We will closely follow the description of the formalism as described in [16] . For simplicity, we focus on systems with one degree of freedom, nevertheless a generalization to more dimensions follows straightforwardly.
The Wigner-Weyl quantization
The simplest approach to quantize a classical system is to provide a quantization map, i.e. a one to one mapping Q : A → U from the set of classical observables A = C ∞ (R 2 ), to the set of quantum observables U, usually given by self-adjoint operators defined on a Hilbert space H. This map Q , depends on a positive parameter > 0 and satisfies the properties
and
where
. In general, it is well known that the relation defined by Q between classical and quantum observables does not correspond to an isomorphism of Lie algebras, since in most of the cases, quantum phenomena differs from its classical counterpart. The mapping given by Q occurs to be an isomorphism only in the limit → 0, which according to the correspondence principle, quantum properties become classical [18] . Since quantum mechanics corresponds to a more accurate description of physical phenomena than classical mechanics, it is expected that the quantization process may not be unique.
In our particular case, the quantization mapping Q : A → U, applied to a classical system defined on the phase space R 2 , with local coordinates p, q, stands for the passage from the Poisson bracket
to the commutator of the operators
where ψ ∈ D, a dense subset of the Hilbert space H, such that the operatorsQ,P and its commutator are defined. The equation (4) is known as the canonical commutation relation. The quantization prescription for the position and momentum Q (q) =Q, Q (p) =P , satistying (4), provides the standard cornerstone for the quantization of most of classical systems. In order to study the quantum kinematics on a particular
Hilbert space H, it is convenient to consider the algebra generated by the exponentiated versions of the operatorsQ andP , expressed aŝ
where u and v denote real parameters with dimensions of length and momentum, respectively. The canonical commutation relation in terms of the operatorsÛ (u) and
The Weyl algebra, denoted by W, is the algebra generated by taking finite linear combinations of the operatorsÛ (u) andV (v),
From this perspective, defining a quantization mapping means finding a unitary representation of the Weyl algebra W on an arbitrary Hilbert space. In order to obtain the standard Schrödinger representation one selects the Hilbert space, H Schr = L 2 (R, dq), the space of square-integrable functions with a translation invariant Lebesgue measure dq on R. Nevertheless, this representation is far from being unique. For our purposes, we instead choose to work with the Hilbert space
given by the space of square integrable functions on R with respect to the Gaussian measure
where d is a parameter with dimensions of length. In the Hilbert space H d , the representation of the position and momentum operators take the form
The unusual extra term acquired by the momentum operator is required in order to render it a self adjoint operator in the Gaussian measure. The main reason to select this particular representation stems from the Gelfand-Neimark-Segal (GNS) construction [19] . Within this approach one determines the Hilbert space via the algebraic properties of the Weyl algebra W, resulting in a representation that can be called of Fock-type, since creation and annihilation operators can be defined in a natural way. The different representations of the operator algebra turn out to be completely equivalent by means of the Stone-von Neumann uniqueness theorem, which asserts that all regular, irreducible representations of the Weyl algebra are unitarily equivalent. This imply that we can recover the Schrödinger representation from
where ψ ∈ H Schr and ϕ ∈ H d . In this sense, all d-representations (d > 0) in H d are unitarely equivalent to the standard Schrödinger representation.
We turn now to the definition of a quantization prescription on H d . Following [16] , there is a linear map Φ from the set of classical observables given by S(R 2 ), the Schwartz space of functions defined on the phase space R 2 whose derivatives are rapidly decreasing, into the linear operator space L(H d ). This map, called the Weyl quantization, is given by the formula
for ϕ ∈ H d . The operator-valued mapping Φ is a Hilbert-Schmidt operator acting on H d , thus, it has a well defined trace but possibly infinite [20] . Besides, the map Φ defines an homomorphism between S(R 2 ) and L(H d ), known as the Moyal product
where the star product is given by
The inverse map Φ −1 associated to the Weyl quantizer Φ, also known as the Weyl's inversion map, can be obtained as
where f ∈ S(R 2 ), F stands for the Fourier transform operator F :
and the trace is taken with respect to any orthonormal basis for H d [21] . With the Weyl quantization map and its inverse at hand, it is possible to obtain the Wigner function associated to the Hilbert space H d , which indeed, corresponds to the phase space representation of a quantum state. Letρ denotes a density operator asoociated to a quantum state ϕ ∈ H d , that is, a trace-one, self-adjoint and positive semi-definite operator written aŝ
(orρ = |ϕ ϕ| in Dirac notation), where ϕ, φ ∈ H d . Since the density operatorρ corresponds to an integral operator (17) , by meas of the Weyl's inversion formula (15) (see [16] for details), the phase space representation function associated to a quantum state is given by
This is the Wigner function defined on H d , a quasi-probability distribution in phase space, which is also normalized on the momentum and position leads to marginal probability densities [16] , usually called shadows 1 2π R ρ(ϕ)(p, q)dp = ||ϕ||
A counter-intuitive aspect of the Wigner function lies on the possibility to acquire negative values on certain regions over the phase space. Nevertheless, this odd feature makes the Wigner distribution so useful, since it allows us to visualize quantum trajectories in phase space and the negative probability values characterize jointcorrelation functions and entanglement properties within the quantum system. In some sense, these imply that the Wigner function is the closest thing we have to a probability distribution in the quantum phase space [22] . Finally, the Wigner function can be used to obtain the expectation value of an arbitrary operatorÂ ∈ L(H d ) as a phase space average
where the operatorÂ = Φ(A) corresponds to the Weyl quantization transform of the classical function A(p, q). In this sense, expectation values of quantum physical observables are computed through integration with respect to the Wigner distribution, in complete analogy with classical probability theory.
The polymer representation
Following [15] , [16] , our purpose now is to obtain the polymer representation as a limit of the Wigner function defined on H d . The main idea is to study two limits of the Wigner distribution (18) for the parameter d, the limit 1/d → 0, and the limit d → 0. Both limits are well defined and the resulting representation agrees with the Wigner function associated with Loop Quantum Cosmology [23] . It is convenient to focus on the fundamental states in the Hilbert space H d , that is, those states generated by acting withÛ (u) andV (v) on the vacuum state ϕ 0 = 1. Let us denote them by
respectively. The derived states allow us to construct the corresponding Wigner function associated to polymer representation as a limiting case [16] . Starting with the Wigner function defined in (18) for the vector states ϕ v , the limit 1/d → 0 give us
similarly, for the limiting case d → 0 associated to the Wigner function defined by the states φ u , we obtain
Both limits correspond to the A and B-polymer representations of quantum mechanics [15] , and as we can observe from expresions (23) and (24), the obtained Wigner distributions distinctly reflect the way in which the wave functions are modulated by Kronecker deltas on a countable (or possibly uncountable) number of points. To be more precise, within the polymer representation the Hilbert space consists of functions that vanishes everywhere except for a countable number of points, which usually are taken to form a regularly spaced lattice q n = q 0 + nλ, for a a given q 0 ∈ R and n ∈ Z. For a fixed point q 0 , the wave functions, supported on this lattice, actually belong to a separable Hilbert space which corresponds to a superselected sector of the full polymer Hilbert space, i.e., H poly = ⊕ q 0 ∈[0,λ] H q 0 . Furthermore, ρ A and ρ B prove to be equivalent to the Wigner functions associated to the pure characters and their Fourier transforms over the Bohr compactification of the real line R B , that is
where R B denotes the Bohr compactification of the reals,R B stands for its locally compact dual group and h(b, p) = e ipb are the characters of R B . This means, that the right hand side of equations (25), (26) are precisely the Wigner function for Loop Quantum Cosmology (LQC), in the position and momentum representation respectively, and they were obtained by using the fundamental vectors states ϕ v and φ u generated by the Weyl algebra [23] . Since, in the context of LQC, a generic wave function is given by a finite span of the functions ϕ v , namely the set of cylindrical functions Cyl(R B ), the linearity properties of the Wigner function ρ(p, q) in H d (18) , implies that the Wigner distribution for LQC (or polymer Wigner distribution) can be obtained through a limiting process of the standard Wigner function defined on a Gaussian weighted measure space.
In the following section, we will implement the polymer representation of quantum mechanics in order to obtain the polymer Wigner distribution for a scalar field.
The Wigner function for the scalar field
In this part, we shall derive the Wigner-Weyl quantization scheme for the scalar field in a Gaussian measure defined on an infinite dimensional vector space.
Consider a real scalar field ϕ defined on a 4-dimensional background Minkowski spacetime M. Let us perform a 3+1 decomposition of the spacetime in the form M = Σ × R, for any Cauchy surface Σ, which in the present case is topologically equivalent to R 3 . The spacetime manifold M is endowed with a metric η = diag(+1, +1, +1, −1) and local coordinates (x, t) ∈ R 3 × R. For simplicity, we deal with fields at the instant t = 0 and write ϕ(x, 0) := ϕ(x), and π(x, 0) := π(x), where π(x) stands for the canonical conjugate momentum associated to ϕ(x). Thus, the phase space of the theory is locally written as Γ = (ϕ, π) and can be related to as suitable initial data associated to a Cauchy surface Σ.
According to [16] and [21] , in order to construct the Wigner function for the scalar field, we need to provide a quantization map such that it takes the Poisson bracket {ϕ(x), π(y)} = δ(x − y), (27) to the commutator of operators
where the state Ψ[ϕ], at least in an intuitive level, is given by a functional of the field ϕ ∈ S ′ (R 3 ). To be more specific, Ψ belongs to the Hilbert space
represents the Schwartz space of tempered distributions, and dµ is a measure to be specified [24] . Analogoulsy to section (2), implementing a quantization process means to find a representation of the Weyl algebra W, generated by the finite linear combination of the exponential version of the operatosπ andφ, defined aŝ
for u, v ∈ S(R 3 ), the Schwartz space of rapidly decreasing test functions. Whenever = 0, the operatorsÛ(u) andV (v) satisfy the commutation relation
where u, v denotes the inner product on
From this point of view, determining a quantization mapping means to provide a unitary representation of the Weyl algebra W on the Hilbert space H S . In order to construct the Schrödinger representation of the Weyl algebra W, let us consider a Gaussian measure dµ C , of mean zero and covariance C := (−∆ + m 2 ) −1/2 . It existence relies on the Bochner-Minlo's theorem [20] , [25] , which in our case asserts that given C a linear, positive and self-adjoint operator on S(R 3 ), then there exists a unique normalized measure dµ C , of mean zero, such that for all f ∈ S(R 3 ) satisfy
where we have used the notation
The term χ(f ) represents the Fourier transformation of the measure dµ C evaluated at f . Furthermore, χ ∈ S ′ (R 3 ) and is also called the generating or characteristic functional, since from it, we can compute the moments of the measure dµ C as
Explicitly, the Gaussian measure dµ C corresponds to a measure of the form
where the formal expression of Dϕ = x∈R 3 dϕ(x), denotes something like a uniform Lebesgue measure on the configuration space. However, it is known that in an infinite dimensional vector space a translational invariant measure cannot be properly defined.
In standard quantum mechanics the chose of the measure, somehow, turns out to be arbitrary. The reason lies on the Stone-von Neumann theorem, which ensures us that any representation of the Weyl algebra is unitarely equivalent to the Schrödinger representation. In case of field theory this is no loger true, and in fact, there are infinitely many inequivalent representations of the Weyl algebra W.
The motive to select this Gaussian measure is twofold. First, from the algebraic Quantum Field Theory perspective, the main idea is to formulate the quantum theory for a real Klein-Gordon field by considering the observables as the relevant objects, and relegate the states as secondary entities that act on the observables. In order to obtain a representation of the Weyl algebra W, and since there are infinitely many of them, one makes use of the Fock representation supplied by the canonical commutation relations. Within this representation, a complex structure on the phase space must be specified (compatible with Lorentz invariance) and then, the expectation values of the Weyl operators are obtained via the Fock vacuum. Ultimately, the computed expectation values define a positive linear functional ω f ock on the algebra of observables. This is precisely the moment where the Gaussian measure comes into play. For the Schrödinger representation will be equivalent to the Fock formulation, the positive linear functional ω f ock , must be equal to the algebraic state obtained via the GNS construction. This state is defined through a measure which proves to be the Gaussian measure defined in (32) [26] , [27] . The second reason to favour the Gaussian measure dµ C over the Lebesgue-like measure Dϕ, is simply because the measure dµ C corresponds to a proper probability measure, defined by means of the expression (32), while the formal uniform measure Dϕ is not completely well-defined. Moreover, it can be shown that the Gaussian measure provides, for each value of the mass, a consistent quantization of the dynamics with a unique symmetry-invariant vacuum state [28] , [29] .
In the Hilbert space
, dµ C ), the abstract field operatorsφ andπ are represented aŝ
andπ
where δ/δϕ denotes the functional derivative, and the second term in (37) appears in order to render the momentum operator self-adjoint with respect to the Gaussian mesaure dµ C .
Next, in order to find the quantization mapping, we defineŜ(u, v) ∈ L(H S ) as a linear operator on H S given bŷ
From the canonical commutation relations (28) , and the representations of the field operators (36), (37), this operator follows the identitieŝ
whereŜ(u, v) † denotes the adjoint operator associated toŜ (u, v) , and the trace is taken with respect to an orthonormal basis for H S [21] . Now, let us define the linear map Φ :
, from the space of functionals on the phase space Γ to the linear operatos acting on the Hilbert space H S by (in the following we will take =1),
whereF (u, v) stands for the inverse Fourier transform of the functional
This map Φ is called the Stratonovich-Weyl quantizer [21] , and should be understood as a map from the functionals defined on the classical phase space to linear operators, such that
is absolutely convergent and ·, · H S denotes the inner product defined by the Gaussian measure dµ C . By using the explicit expressions forŜ(u, v) in (38) in terms of the operators (36), (37) and the inverse Fourier transformation, the Stratonovich-Weyl quantization map reads
for any Ψ ∈ H S . This means that the operator Φ represents a kind of an integral operator
where the Kernel K(ϕ, ϕ ′ ) is given by
The inverse map Φ −1 : L(H S ) → L 2 (Γ) associated to the Stratonovich-Weyl quantizer, also known as the Weyl's inversion formula, can be obtained by multiplying (45) bŷ S(π, ϕ) and taking the trace using property (41), that is
Now, it is possible to define the Wigner function in the following manner. Letρ be a density operator associated to a quantum state Ψ ∈ H S , that is, a positive semi-definite operator written aŝ
(orρ = |Ψ Ψ| in Dirac notation), where Ψ, Ψ ′ ∈ H S . From the Weyl's inversion formula (48), the phase-space functional ρ(π, ϕ) associated to the density operatorρ is given by
Thus, the functional ρ represents the Wigner function for a real Klein-Gordon field with respect to a Gaussian quantum measure dµ C , with covariance C = (−∆ + m 2 ) −1/2 . It must be noted that, the expression for the Wigner functional obtained in (50), provides us with a generalization in the case of fields, of the Wigner function corresponding to systems with a finite number of degrees of freedom as calculated in (18) .
Finally, to finish this section and in order to compare our developed formalism with other phase-space prescriptions where the Wigner function for the scalar field is also been obtained, let us calculate the Wigner functional for to the ground state. In the Schrödinger representation associated to the Hilbert space H S , with Gaussian measure dµ C , one can prove that the vacuum state Ψ 0 is given by the constant functional Ψ 0 [ϕ] = 1 ∈ H S [15] . Then, by substituting the state Ψ 0 on (50) and performing some integral calculations by using property (32) , one finds that the Wigner functional ρ 0 of the ground state reads
which is exactly the Wigner functional associated to the vacuum state according to [21] , [30] . We will see in the next section how the Wigner functional ρ can be used to obtain the polymer representation of the scalar field.
The polymer representation of the scalar field
In this section we derive the polymer representation of the scalar field from the Schrödigner representation with a Gaussian measure dµ C , within the formalism of Wigner-Weyl quantization developed in the previous section. We will first analyze the Weyl algebra by means of the Stratonovich-Weyl quantizer, and then through some limiting process, we will obtain the Wigner functional associated to the polymer representation.
As a first step, we need to stablish how the Weyl algebra W, generated by the operatorsÛ(u) andV (v) defined on (29) , are represented on any
. By employing the Stratonovich-Weyl map (45), we obtain
Before proceeding, and according to the algebraic formulation of QFT [27] , it is convenient to focus on the fundamental vector states in the Hilbert space H S , that is, those vectors generated by the action of the Weyl algebra operatorsÛ (u) andV (v) on the vacuum state Ψ 0 = 1. Let us call them, for reasons that will be clear afterwards,
and 
We observe that if the covariance operator C → 0 weakly as a bilinear form on
this expression corresponds to the Wigner functional associated to the "π-polarization" of the polymer representation of the scalar field, derived using algebraic states via the GNS construction [31] . Similarly, for the limiting case C −1 → 0 weakly, the Wigner functional defined by the vector states Ψ ϕ , converges to
which is equivalent to the "ϕ-polarization" of the polymer representation described in [31] . As can be seen, both limits are well defined and in fact correspond to the degenerate case of the limit of Gaussian measures through weak convergence of covariance operators, as illustrated on [24] .
supported on the vertex set V . This implies, that the polymer Wigner functional (56) for the scalar network states N V,v (ϕ), is written as
Note that ρ poly π,V (π, ϕ), corresponds to a finite product of the polymer Wigner functions in the A-representation (23) , and each of them is equivalent to a Wigner function defined over the Bohr compactification of the real line R B (25) . This means, that the quantum configuration space of the polymer representation of the scalar field, given in terms of Wigner distributions, consists of R B -valued functions, which is precicely the description introduced in [4] .
A noteworthy feature of the limiting representations obtained in (23) and (56), for quantum mechanics and the scalar field theory, respectively, is that the Wigner functions corresponding to the vacuum states occur to be invariant under translations. In the context of Wigner distributions, a vacuum state invariant under translations must satisfy, U(u) * ρ 0 = ρ 0 , where the star product was defined in (14) [21], [22] . A straightforward calculation shows that this takes place precisely when 1/d → 0 or the covariance operator C → 0 weakly, depending the case considered. This implies that the non-regular representations associated to the polymer-like models is related with the gauge invariance of ground states, which corresponds to the claim made by a generalization of the Stone-von Neumann theorem depicted in [36] .
Conclusions
In this paper, we showed that the non-regular polymer representation of the realvalued scalar field theory can be obtained by taking the limit of Gaussian measures in the functional Schrödinger representation. Particularly, we argued that the polymer Wigner functional corresponds to the product of polymer Wigner functions defined over the Bohr compactificaction of the real line. This implies that the limiting representation corresponds to the polymer representation derived by using algebraic methods such as the GNS construction, and the Fock quantization procedure. We must emphasize that the techniques developed here, in principle, can be applied to generic field theories. In particular we are interested on some issues on QFT such as the appearence of ultraviolet divergences. It should be possible to use the Wigner functionals, defined on quantum geometrical states, and the semiclassical methods established on deformation quantization to trace the manner in which the continuum limit generates divergences. Additionally, it is interesting to examine the quantization of the holonomy-flux algebra within this approach, since, precicely this instance leads to the mathematical underpinning of LQG. However, a more general analysis must be carried out in order to treat with diffeomorphism invariance, thereby, we intend to devote a forthcoming work to address these questions.
